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Abstract 
The identification of diametrical vertices in the d-dimensional hypercube (d >/3) leads to 
a (0, 2)-graph of degree don 2 d- 1 vertices and of diameter [. d/2 J namely the extended odd graph 
(or Laborde-Mulder graph) for odd values of d, and the half-cube for even values of d. In this 
paper we prove that the diameter of a (0, 2)-graph of degree d on 2 ~- ~ vertices is at least [. d/2 .~ 
and when d is odd the equality holds if and only if the graph is a Laborde-Mulder graph, 
O. Introduct ion 
Throughout his paper, except for some minor adaptations, we adopt the graph 
theoretic terminology of Muider [9]. We consider finite, undirected, simple, loopless 
and connected graphs G = (I/", E) of vertex V and edge set E. The distance function in 
G is denoted by d~ and the diameter of G (maximal distance between two vertices of G) 
is denoted by diam(G). Two vertices x and y are said to be diametrical if 
dG(x, y) = diam(G). 
For each vertex x of G, let Ni(x) (i = 1, 2 ..... diam(G)) denote the set of vertices y of 
G on distance i from x. For i = l, we write N(x) instead of Ni(x). Note that N(x) is the 
set of neighbours of x. A level decomposition of G from x is the partition of its vertex 
set into the sets St(x) (i = 0, 1 ..... diam(G)), where No(x) = {x}. The set Ni(x) (or N i for 
short) is called the ith level (from x in G). The interval function IG in a graph G is the 
mapping 
I 6 :Vx  V~ P(V) 
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defined by 
la(u, v) = {w ~ V[ w belongs to a shortest [u, v]-path}. 
Each set Ia(u, v) is called an interval in G. When no confusion can arise, we write l(u, v) 
instead of la(u,v). A subset Wof Vis convex i f l(u,v) c_ W, for each u and v in W. The 
graph is interval monotone if each interval of G is convex. A connected graph G is 
interval regular if 
I I (u, v) c7 N (u)l = d~(u, v) on ]l(u,v) n N (v)l = d~(u, v) 
for each pair of vertices (u, v) of G. 
The d-dimensional hypercube Qd is the graph with V= {0, 1} n as vertex set and 
where two vertices are adjacent if and only if their representative ctors differ in 
exactly one component. 
Using the property that in Qd any two vertices have exactly 0 or 2 common 
neighbours, Mulder [9] introduced the notion of(0, 2)-graphs: a graph G is said to be 
a (0,2)-graph if any two vertices in G have exactly 0 or 2 common neighbours. Of 
course, Qd is a (0, 2)-graph. These graphs are regular and each pair of adjacent edges 
belongs to a unique 4-cycle [5]. Further, the order of a (0, 2)-graph is bounded and 
among the class of (0, 2)-graphs, Qd characterizes those of maximum order for a given 
degree d: 
Theorem 0 (Laborde and Rao-Hebbare [5] and Mulder [9]). Let G be a (0, 2)-graph. 
Then: 
(1) G is regular, let d denotes its valency. 
(2) IV(G)] ~< 2 a. 
(3) IV(G)[ = 2 n if and only if G is Qa. 
It is also known that the diameter diam(G) of a (0,2)-graph G is at most equal 
to its valency d(G), diam(G)~< d(G), and the equality holds if and only if G is 
Qdi~m(~l [8]. 
Some other examples of (0, 2)-graphs are: 
(a) Generalized Shrikhande graphs introduced in [7], which can be obtained from 
Qd using the following method of construction: Let 1, 2 ..... d be the d directions (edges) 
at each vertex x in Qd. Let ij (i,j ~ {1, 2 ..... d}) be the binary vector where only the ith 
and the jth components are non-zero. Let 
,~{12, 34 ..... (d - 1)d} if d is even, 
M=~{12,34 ..... (d 2 ) (d - l )}  i fd  is odd. 
The generalized Shrikhande graph is the graph obtained from Qd by adding an edge 
between any two vertices x and y of Qd such that y = x + ab where ab E M. The 
generalized Shrikhande graph is a minimal (0, 2)-graph of degree [_ 3d/21 (for more 
details see [6]). 
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Fig. 1. ½Qa = K4.4. 
(b) The half-cube graph 212Q2a (d v~ 2) which is defined as the subgraph of 
QEd induced by {A ~ {1, 2 ..... 2d}, IA[ ~< d} and where complementary vertices in the 
dth level of 0 are identified. Note that for d = 2, we obtain K4.4 as ½Q4 (Fig. l) which is 
not a (0,2)-graph. 
(c) Extended odd graphs E k which were introduced first by Laborde [4] and 
independently by Mulder [9]. These graphs have been renamed Laborde-Mulder 
graphs by Burosch [12]. They have {A c_ {1,2 ..... 2k - l}/IA I ~< k - l} as vertex set 
and two vertices A and B are adjacent whenever [AAB[e{1,2k-2}.  The 
Laborde-Mulder graph Ek+ 1 can  be regarded as the graph consisting of the 'lower 
half' of O2k + 1 with the odd graph Ok on the kth level (*). Recall that the odd graph 
Ok has {A = { 1,2 ..... 2k - 1 }, [AI = k - 1} as vertex set and (A, B) is an edge whenever 
A and B are disjoint sets [l]. 
E 2 is K4, and E3 is the Greenwood-Gleason graph [3], which contains the odd 
graph O3 (the famous Petersen graph) as induced subgraph (Fig. 2). 
Both Laborde-Muider graphs and half-cubes can be obtained by joining (or 
identifying) diametrical vertices in a hypercube of given dimension. This is stated by 
the following two lemmas: 
Lemma 1. Let F be the mapping which consists of joining by an edge each pair of 
diametrical vertices in Qd. Then: 
and 
i fd=2k ,  F(Q2k)= Ek+I 
/ fd = 2k - l, F(Q2k- l) = ½Q2k. 
Proof. Straightforward. [] 
Lemma 2. Let H be the mapping which consists of identifying each pair of diametrical 
vertices in Qa. Then: 
gd = 2k, H(O_=O = ½0.=~ 
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Fig. 2. The Greenwood-Gleason graph E3. 
and 
if d = 2k + 1, H(Q2k+l) = Ek+l. 
Proof. Straightforward. [] 
We have then, for all integers d, F(Qa) = H(Qa+I), that is 
F(Q2k) = H(Q2k+I) = Ek+l and F(Q2R-1) = HQ2k) = ½Q2k. 
Thus, adding edges between diametrical vertices in Qa and identifying diametrical 
vertices in Qa+I leads to isomorphic graphs. 
Note that the Laborde-Mulder graph Ek+ 1 and the half-cube ½Q2R have respec- 
tively (2k + 1) and 2k as valency, and both have diameter k. Laborde-Mulder graphs 
and half-cubes constitute then a particular class of (0, 2)-graphs in the sense that their 
diameter isequal to the half of their degree and, thus, is a median class of (0, 2)-graphs 
between those of maximal diameter namely hypercubes, and those of minimal dia- 
meter namely K 2 and the incidence graphs of biplans. 
Both Laborde-Mulder graphs and half-cubes are (0, 2)-graphs of degree d and of 
order 2 d- 1. An other example of (0, 2)-graphs is the so-called Hamming graph (car- 
tesian product of complete graphs) Hal,a2 ...... d-3 where al = 4, a2 . . . . .  ad-2 = 2 
(i.e. K4 x (K2) a- 3 = K4 x Qa- 3) which have diameter (d - 2). 
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1. Characterizat ion 
Let us consider (0, 2)-graphs of degree d and of order 2 d -  1. We will prove that the 
diameter of such graphs is at least Ld/2 d. Moreover, if d is odd, then only 
Laborde-Mulder graphs attain the lower bound. 
Theorem 1. Let G be a (O,2)-9raph of deoree d, and of order 2 d-1. Then 
diam(G) >~ Ld/2]. 
Proof. Let G be a (0,2)-graph of degree d, and of order 2 d-l, and suppose 
diam(G) < ]d/2J. Consider a level decomposition of G from a vertex, say 0 (Fig. 3). 
Let x~ V and A c V, and let d(x,A)= I{xyeE(G),yeA}I be the number of edges 
from x to A. Then as G is a (0, 2)-graph, we have 
Vx6Ni ,  t~(x, Ni+l)<<.d-i  and VxENi+I, t~(x, N i )~ i+ 1 
and then the number O(Ni, Ni+ 1) of edges between Ni and Ni+l satisfies 
(i + 1)[N,+ll ~< 0(N,,N,+I) ~< (d - / ) IN ,  I, 
which gives, for all i ~< d, 
As diam(G) < Ld/2J, we have then: 
for d = 2k: 
E INi[ < ~< (1) 22k  - 1 
i=O i=0 
2 2k-l = IV(G)I = 
and fo rd=2k+ 1: 
2 2k = I V(G)I  = 
which is absurd and thus diam(G) >>.]d/2]. 
i=o i=o\  i 
[] 
(2) 
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Theorem 2. Let G be a (0, 2)-graph of degree 2k + 1 and of order 22k. Then: 
(i) diam(G) >1 k. 
(ii) diam(G) = k if and only if G is Ek + l. 
Proof. From Theorem 1 it is clear that (i) holds. As the sufficient condition of (ii) is 
trivial, let us prove the necessary condition. Suppose G is a (0,2)-graph of degree 
2k + 1 and of order 2 2k and let diam(G) = k. Consider a level decomposition ofG from 
a vertex denoted 0. 
From (2) in the previous proof we get that all levels Ni (0 ~< i ~< k) of G have 
maximal order, that is, each vertex y of Ni (0 < i < k) is such that 
IN(y) nN i l=0 for 0<i<k,  
IN(y) n N,._ 11 = i for 0 < i ~< k, (3) 
IN (y )nN i+ l l=d- - i  for 0~<i<k,  
then any level induces an independent set except the level Nk because ach of its 
vertices has k neighbours in Nk-1, and then must have (k + 1) neighbours in Nk. 
The graph G is of degree (2k + 1), then 0 has, in NI, (2k + 1) neighbours which can 
be labelled as the l-subsets of the set S = { 1,2 ..... 2k + 1 }, and 0 represents he empty 
set. Since there are no edges between vertices of the level N1 as we have seen before (3), 
then each vertex z of the first level N~ has his remaining 2k neighbours in the second 
level N2, that is, 6~(,~, N2) = 2k for all z EN~. 
As G is a (0, 2)-graph, we have necessarily 8(y, N1) = 2 for all y ~ N 2. We can label 
then all vertices of N2 using the 2-subsets of S such that ifz eNa, y eN2 and zy is an 
edge of G, then y = zw {j}, where j~S-  {z}. 
It is clear that there is a one-to-one correspondence b tween the vertices generated 
by this labelling and the vertices of N2, since for any vertex z -- {i} c S of N1, we have 
2k ways to choosej eS - {i} to form y = {i,j} 6S  2. Notice that [{i,j}l d {j} = 1, and 
for any pair of vertices y and y' of N2, yy' is not an edge of G and lY A Y'I > 1. 
Suppose now that we have labelled in this way all the vertices of the graph up to the 
level Ni (i < k) and let us label those of the level Ni÷ 1. The vertices of Ni are the 
/-subsets of S. As Ni and Ni÷ ~ are of maximal order (Fig. 4), we do have for all A e Ni, 
t~(A, Ni -  l) = i and c3(A, Ni+ l) = 2k + 1 - i. Label then B = A w { j} , j  ¢ A any neigh- 
bour of A belonging to Ni+ 1, according to the fact that i fAB  eE(G) then IA A BI -- 1: 
we have 
O(A, Ni+ 1) = the number of possible choices of 
j eS -h=lS l - la l=(2k  + l ) - i .  
On the other hand, any vertex of N~÷ ~ is of the 'type' B = A w {j}, j e S - A, for 
some A end, and is such that IBI = i+  1 and c~(B, N i )= IA ~N~, I{AA BI = 1}1 = 
i+  1. One can notice, too, that for all i<  k, and A,A 'eN~,  AA '¢E(G)  and 
IAAA ' I> I .  The set V={AcS={1,2  ..... 2k+ 1}, IAl~<k} represents then the 
vertex set of G. The vertices of Nk are up to now of degree k: then, as the valency of G is 
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(2k + 1), any of them must have (k + 1) neighbours in N k. Thus, the induced subgraph 
Nk is of order  
and is regular of degree (k + 1). Consider now an edge AB of NR, we have necessarily 
A c~ B = 0. Otherwise, let j • A c~ B, and consider a level decomposition of G from the 
vertex labelled {j'}; the vertices A and B have to be in the same level, say 
Np(p <~ k - 1), since their distance to {j} is the same, and the edge AB •Np, hence the 
level Np+ 1 is not of maximal order which contradicts the property (3). Finally, the 
induced subgraph Nk is (k + l)-regular, of order 
and two vertices A and B are adjacent in Nk whenever A c~ B = 0. Thus Nk is the odd 
graph Ok+l and by virtue of(*) G is ER+I. [~ 
The upper bound for the diameter of(0, 2)-graphs of degree d and of order 2 d- 1 is at 
most (d -  2) and, hence, is attained by the Hamming graphs K4 × Qd-3. In fact, 
a (0, 2)-graph of order 2" which is not the n-dimensional hypercube has diameter less 
than n. Indeed, such a graph has degree d > n, and if its diameter is n, then 
i=0 i=O\'/ 
which is absurd. 
As we have characterized Laborde-Mulder graphs as (0,2)-graphs of minimal 
diameter among those of degree d and of order 2 d- 1 when d is odd, one can hope to 
characterize in such a way half-cubes when the degree is even, but, unfortunately, this 
is not true. Indeed, when d = 4 K4 × K2 and when d --- 6 the graph K depicted below 
(Fig. 5) is a counterexample. 
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Fig. 5. The graph K (I VI = 32, d = 6, diam = 3). 
Both Laborde-Mulder graphs and half-cubes have some nice properties. 
Laborde-Mulder graphs are not bipartite and have chromatic number 4. They are 
spherical, distance transitive, interval monotone and interval regular, while half-cubes 
are bipartite, distance transitive and are neither interval monotone nor interval 
regular. 
Finally, for all diametrical vertices x and y in a half-cube, l(x, y) induces a d(x, y)- 
dimensional hypercube [9-13]. 
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